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Abstract 

We prove that the Einstein equations can be solved in a very gen- 
eral form for arbitrary spacetime dimensions and various types of vac- 
uum and non-vacuum cases following a geometric method of anholo- 
nomic frame deformations for constructing exact solutions in gravity. 
The main idea of this method is to introduce on (pseudo) Rieman- 
nian manifolds an alternative (to the Levi-Civita connection) metric 
compatible linear connection which is also completely defined by the 
same metric structure. Such a canonically distinguished connection is 
with nontrivial torsion which is induced by some nonholonomy frame 
coefficients and generic off-diagonal terms of metrics. It is possible to 
define certain classes of adapted frames of reference when the Einstein 
equations for such an alternative connection transform into a system 
of partial differential equations which can be integrated in very general 
forms. Imposing nonholonomic constraints on generalized metrics and 
connections and adapted frames (selecting Levi-Civita configurations), 
we generate exact solutions in Einstein gravity and extra dimension 
generalizations. 
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1 Introduction and formulation of Main Result 



The issue to construct exact solutions in Einstein gravity and high dimen- 
sional gravity theories is not new. It has been posed in different ways and re- 
lated to various problems in multidimensional cosmology, black hole physics, 
nonlinear gravitational effects etc in Kaluza-Klein gravity and string/brane 
generalizations. For instance, in brane gravity, one faces the problem to 
generate solutions with wrapped configurations and possible quantum cor- 
rections and noncommutative modifications. Former elaborated approaches 
are model dependent, usually for metric ansatz depending on 1-2 coordi- 
nates, for spherical/ cylindrical symmetries and chosen backgrounds with 
certain types of asymptotic boundary conditions. In this context, and fur- 
ther application in modern physics, it is important to find a way to elaborate 
methods of constructed exact solutions in very general form. 

The problem of constructing most general classes of solutions in gravity 
has been posed in a geometric language following the anholonomic deforma- 
tion/ frame method, see reviews of results in Refs. [TJ [2l [3j d] In brief, 
the method allows us to generate any spacetime metric with prescribed, or 
reasonable, physical/ geometric properties (as solutions of Einstein equa- 
tions and modifications for different gravity theories) by performing certain 
types of nonholonomic transforms/ deformations from another well defined 
(pseudo) Riemannian metrics. Such a problem of constructing "almost gen- 
eral" solutions for Einstein spaces was solved recently for four and five di- 
mensional spaces [5] but straightforward extensions and more sophisticate 
constructions should be provided to achieve such results for spacetimes of 
arbitrary dimensions!! 

lr The geometry of nonholonomic distributions/ deformations and frames should be not 
identified with the Cartan's moving frame method even in the first case "moving frames" 
can be also included. In our approach, we consider arbitrary real/complex, in general, non- 
commutative/supersymmetric nonholonomic distributions on certain manifolds and adapt 
the geometric constructions with respect to such distributions. Such constructions result 
in (nonlinear) deformations of connection and metric structures, which is not the case for 
moving frames, when the same geometric objects are re-expressed with respect to mov- 
ing/different systems of reference. Selecting some convenient nonholonomic distributions, 
we obtain separations of equations and reparametrizations of variables in some physically 
important nonlinear systems of partial differential equations which allows us to integrate 
such systems in general forms. Then constraining correspondingly some general solutions, 
we select necessary subclasses of exact solutions, for instance, in general relativity and 
extra dimensions. 

2 Some conditions of theorems and formulas, for four and five dimensions, presented in 
Ref. [5] (that version should be considered as a Letter version of this work, where we em- 
phasized certain techniques for generating solutions in general relativity) will be repeated 
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In this paper, we show how the Einstein equations can be integrated in 
general form for spacetimes of higher dimensions k n = n + m + 1 m + ... + 
k m > 5, when n = 2, or 3, and °m = m, 1 m, 2 m, ... = 2; for k = 0, 1, 2, .... 
Such constructions provide a generalization of the Main Result (Theorem 
1) from Ref. [5] proved for dimensions °n = n + m = 4, or 5 (see details 
on geometric methods of constructing exact solutions in gravity in Refs. 
[HEJ El II])- The approach developed in this work may present a substantial 
interest for research in higher dimensional (super) gravity theories (which, 
in general, may possess higher order anisotropics [SI El El E]) and in higher 
order Lagrange-Finsler / Hamilton-Cartan geometry and related gravity and 
mechanical models [EH OH EH El Q31 02] ■ 

Let us consider a (pseudo) Riemannian manifold fc V, dim fc V = k n, 
provided with a metric 

g = g k a kp(u kl )du ka <g> du k/3 (1) 

of arbitrary signature e k a = (e(l) = ±l,e(2) = ±1, . . . ,e( k n) ± 1)H The 
local coordinates on fc V are parametrized "shell by shell" by increasing 
dimensions on 2 at every level (equivalently, shell). We begin with denota- 
tions for °V, dim °V = °n, when u a = (x l ,y a ), for u a = u a and y a = y a 
with k = 0, where x l = (x l ,x l ) and y a = (v,y) , i. e. y 4 = v, y 5 = y. 
Indices i,j,k,... = 1,2,3; k... = 2,3 and a, b, c, ... =4,5 are used for a 
conventional (3 + 2)-splitting of dimension and general abstract/coordinate 
indices when a, /3, ... run values 1,2,..., 5. For four dimensional (in brief, 
4— d) constructions, we can write u a = (x*,y a ), when the coordinate x 1 and 
values for indices like a,i, ... = 1 are not considered. In brief, we shall de- 
note some partial derivatives d a = d/du a in the form s' = ds/dx 2 ,s' = 
ds/dx 3 , s* = ds/dy 4 . At the next level, 1- V", dim 1 V = 1 n = n+ m+ 1 m, 
the coordinates are labeled u 01 = (x l ,y a ,y a ), for 1 a, b, ... = 6,7. For the 
" 2-anisotropy" , 2 V, dim 2 V = 2 n = n+ m+ m+ 2 m, the coordinates 

for some our further constructions because they are used for different type generalizations 
and simplify proofs for higher dimensions. 

3 Notation Remarks: In our works, we follow conventions from [T] [4J [Sj [7] [9] when 
left up/low indices are used as labels for certain types of geometric spaces/manifolds 
and objects. The Einstein summation rule is applied on repeating right left-up indices 
if it is not stated a contrary condition. Boldfaced letters are used for spaces (geometric 
objects) enabled with (adapted to) some nonholonomic distributions/frames prescribed on 
corresponding classes of manifolds. An abstract/coordinate index formalism is necessary 
for deriving in explicit form some general/ exact solutions for gravitational field equations 
in higher dimensional gravity. Unfortunately, such denotations can not be introduced in 
a more simple form if we aim to present certain general results on exact solutions derived 
for some "multi-level" systems of nonlinear partial differential equations. 
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are labeled u a = (x l ,y a ,y a ,y a ), for 2 a, 2 b, ... = 8,9; and (recurrently) 
for the " fc-anisotropy" , fc V, dim fc V = k n, the coordinates are labeled 
= (x\y a , y a , y a , ...,y° a ), for k a, k b, ... = 4 + 2k, 5 + 2k% 

J k 

We shall write V = {r ^ fe ^} for the Levi-Civita connection, with 
coefficients stated with respect to an arbitrary local frame basis e k a = 
(e k-i a , e kg) and its dual basis e 13 = (e b ). Using the Riemannian 

curvature tensor fc 7£ = {.R fc fc(5 } defined by fc V, one constructs the 

Ricci tensor, k 1Zic = {R kg kg = R %g ka k& }, and scalar curvature k R = 

g k P k& R kg kg, where g fe/3 ks is inverse to g k a kg. The Einstein equations 
on fc V, for an energy-momentum source k T a g, are written in the form 

1 



R k /3 k S ~ 2 g k P k S kR - xT k j3 fc <5> ( 2 ) 



where x = const. For the Einstein spaces defined by a cosmological constant 
A, such gravitational field equations can be represented as R a k ^ = \S 

k 

where 5 k ^ is the Kronecher symbol. The vacuum solutions are obtained for 
A = 0. 

The goal of our work is to provide (see further sections) the proof of: 

Theorem 1.1 (Main Theorem) The gravitational field equations in the 
k n -dimensional Einstein gravity (0) represented by frame transforms as 

"> kg — -L kg, \d) 

or any given T a k/3 = diag[T 1 , T 2 , T 2 = T 3 , T 4 , T 5 = T 4 , T 6 = • L T 2 , 
T7 = T 6 , . . . , T 4+2 k = fc T 2 , T 5+2 fc = T 4+2 fc] with 

T 1 l = T 1 = T 2 + T 4 , T 2 2 = T 3 3 = T 2 (x fc ,«), (4) 
T 4 4 = T 5 5 = T4(4T 6 6 = T 7 r = ^(u 9 , H T 8 8 = 

i 9 - 1 2 i 4+2fc - 1 5+2fc - i2(u , 

for y A = v, y 6 = 1 v,y s = 2 v, ...,y 4+2k = k v (where k labels the shell's 



4 we use the term anisotropy/ anisotropic for some nonholonomically (equivalently, an- 
holonomically) constrained variables/ coordinates on a (pseudo) Riemannian manifold 
subjected to certain non-integrable conditions; such anisotropics should be not confused 
with those when geometric objects depend on some "directions and velocities", for in- 
stance, in Finsler geometry 
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number), can be solved in general form by metrics of type 

k g = eidx 1 (g> dx 1 + g^(x k )dx i ® dx i + u 2 (x j ,y b )h a {x k ,v)e a <g>e a 

+ 1 oJ 2 (u a ,y H )h i a (u a , 1 v) e e ±a (5) 
+ 2 u 2 (u la ,y H )h 2a (u la , 2 v) e * a ® e * a + ... 
+ k uj 2 (u k ~ la ,y H )h 2 a (u k ~ la , k v) e ka ® e " a , 

/ore 4 = dy 4 + Wi(x k ,v)dx\e 5 = dy 5 + ni(x k ,v)dx\ 

e 6 = dy 6 + W/3(w a , 1 v)du /3 ,e 7 = dy 7 + n^(u a , 1 v)du 13 , 

e 8 = dy 8 + w i p (u 1q , 2 v)du e 9 = dy 9 + n ^(u 1q , 2 v)o^ 

e 4 + 2fe = dy 4+2k + w k -^{u k - la , k v)du k -^, 

where coefficients are defined by generating functions f(x l ,v),df/dv 7^ 0, 
... , k f(u k ~ la , k v), d k f/d k v^0 and oj(x^,y b ), k uj(u k ~ la , y H ) ^ 
and integration functions °f(x l ), k f(u a ), °h(x l ), k h(u a ), 
l nj(x l ), n k-ip(u la ), 2 nj(x l ), t- 1/3 nj(u k la ) following recurrent 
formulas (when a next "shell" extends in a compatible form the previous 
ones; i.e. containing the previous constructions), being computed as 

g> = ejc^), / re 2 ^" + €3< = T 4 ; (6) 
h 4 = e 4 °h(x l ) [d v f(x\v)]\(x\v)\,h 5 =e 5 [f(x l ,v)- °/(^)] 2 ; 

wi = -dis(x\v)/d v q(x\v), 
n k = 1 n k (x l )+ 2 n k (x l ) j dv q{x\v) 
[d v f(x\v)] 2 /[f{x\v)- °/(^)] 3 , 
fort = \(x l ) - I 0/1(0;*) y cfo T 2 (x fc ,«) 
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h 6 = e 6 ?Mu Q ) [di v l f(u a , l v)] 2 \ \(u a , l v)\, 
h 7 = e 7 [ V(« a , M - ?/(« a )] 2 ; 
^ = -fy \(u a , l v)/d i„ \(u a , iy), 

np = l np(u a ) + 2 np(u a ) j d\ \{u a , 1 v) 

[d lv V(« a , M] 2 /[ 7(« Q , M - ?/(« Q )] 3 , 

/or ^ = °) " | ?M« lu M 

[ai w V(« a , M][V(« Q , M- S/(« a )]; 

/i 8 = e 8 1q ) [3 2 , 2 /(u \ MPl 2 ?(« 1q , Ml, 
h 9 = e 9 [ 2 f(u la , 2 v)- lf{u la )} 2 - 
Wlfj = -di fi 2 q (u \ 2 v)/d, v \(u la , 2 v), 

nip = l n ipiu la ) + 2 n lf) (u ' a ) J ' d 2 v 2 q{u ' a , 2 v) 

[8 2v 2 f(u la , 2 v)] 2 /[ 2 f(u la , 2 v) - lQ )] 3 , 
for \ = la ) - ^ \h{u la ) j d 2 v 2 T 2 (u 1q , 2 v) 

[d, v 2 f{u la , 2 v)][ 2 f(u la , 2 v)- §/(« la )]; 



/i4+2* = e 4+2fe g% fc " a ) [5 */(« fe " a , V>] 2 | k " a , k v)\, 
h 5+2k = e 5+2k [ k f{u k - la , k v) - ° k f(u k - la )} 2 ; 

w k -ip = -8 k -i p k q{u k ~ la , k v)/d kv \(u k ~ la , k v), 

n k-ip = 1 n k -ip(u k ~ la ) + 2 n t-i^M ^ 1q ) J d k v k q(u k ~ la , k v) 

[d kv k f{u k - la , k v)] 2 /[ k f(u k - la , k v) - lf{u fc " lQ )] 3 , 
for \ = Uu ^ - *fL lh{u k ^) J d k v k T 2 (u h ~\ k v) 

[d u v k f{u k - la , k v)}[ k f{u k - la , k v) - lf{u k ~^)\- 
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and 



e k oj = d k uj + w k d v uj + n k doj/dy 5 = 0, (7) 
e a 1 oj = d a 1 uj + w a d 1 uj/d v + n a d 1 ui/dy 5 = 0, 
e i a 2 oj = d i a 2 u> + w i a d 2 uj/d 2 v + n i a d 2 oj/dy I = 0, 



e k -i Q k oj = d k-i a k uJ + w k -i a d k uj/d k v + n k -i a d k u/dy 5+2k = 0, 

when the solutions for the Levi-Civita connection are selected by additional 
constraints 

d v uii = eiln\h 4 \,e k Wi = eiW k , d v Ui = 0, din k = d k ni; (8) 
d i v w a = e a In | hs \, e a wp = epw a , d i v n a = 0, d a np = dpn a \ 
d 2 v w i a = e i a ln \hs\, e i a w is = e igw i a , 

d2 v n i a = 0, di a n ip = di p n i a ; 



d k v w k-i a = ei a ln |^4+2fc |i e h-i a w k-i» = e k-iniD ft-i a , 
9 fe^Ti fc-i,-,, = 0, d k-i a n k-ip = d k-ipTi t-i a . 

Following above Theorem^! we express the solutions of Einstein equa- 
tions in high dimensional gravity in a most general form, presenting in 
formulas all classes of generating and integration functions and stating all 
constraints selecting Einstein spaces. We choose a "two by two' increas- 
ing of spacetime dimensions in formulas because this provides us a simplest 
way for generating "non-Killing" solutions characterized by certain types 
of two dimensional conformal factors depending on two "anisotropic" co- 
ordinates and the rest ones being considered as parameters. This allows 
us to associate to the constructed classes of solutions certain hierarchies of 
two-dimensional conformal symmetries with corresponding invariants and 
to derive associated solitonic hierarchies and bi-Hamiltonian structures as 
we elaborated for four dimensional spaces in Refs. |16t I17j. The length of 
this article does not give us a possibility to present such nonlinear wave 
developments for high dimensional gravity. 

We have to state certain boundary/ symmetry/ topology conditions and 
define in explicit form the integration functions and systems of first order 

a similar Theorem was formulated in Ref. [5] for four and five dimensions; some 
formulas and conditions have to be repeated in this work because they are used for high 
dimension generalizations 
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partial differential equations of type (JSj) . This is necessary when we are 
interested to construct some explicit classes of exact solutions of Einstein 
equations (J3]) which are related to some physically important four and higher 
dimensional metrics. For instance, such high dimension solutions can be 
constructed to contain wormholes [18, 19] and/or to model (non) holonomic 
Ricci flows of various types of gravitational solitonic pp-wave, ellipsoid etc 
configurations [20], EE] [22] [23] El]. Perhaps all classes of exact solutions 
presented in the above mentioned references and (for instance, reviewed in) 
Refs. (28] [29] H] [2] [3] 0] can be found as certain particular cases of metrics 
([5]) or certain equivalently redefined ones. In this article, we shall empha- 
size the geometric background of the anholonomic deformation method for 
construction high dimensional exact solutions in gravity and refer readers 
to cited works, for details and physical applications. 

Any (pseudo) Riemannian metric g k a i hgt(u 7 ) ([I]) depending in gen- 
eral on all 5 + 2k local coordinates on V can be parametrized in a form 
g k a kp{u 7 ) ([5]) using transforms of coefficients of metric g k a k B (u 7 ) = 

e fc "„ e kgS k a' kp(u kl ') under vielbein transforms e k a = e k a > pre- 
serving a chosen shell structured If the coefficients of such metrics sat- 
isfy the conditions of Main Theorem, they define general solutions of Ein- 
stein equations for any type of sources which can be parametrized in a 
formally diagonalized (with shell conditions) form ([!]), with respect to cer- 
tain classes of nonholonomic frames of reference. By frame transforms 
such parametrizations can be defined for various types of physically impor- 
tant energy-momentum tensors, cosmological constants (in general, with 
anisotropic polariziations), and for vacuum configurations. 

For the case k = 0, the proof of Theorem II .11 is outlined in Ref. [5] using 
the anholonomic deformation method which was originally proposed in Refs. 
[25\ [26] 127] . There were published a series of reviews and generalizations 
of the method, see [H E] E] E], when the solutions of gravitational field 
equations in different types of commutative and noncommutative gravity 
and Ricci flow theories contain at least one Killing vector symmetry. Such 
higher dimension Einstein metrics with Killing symmetries, are generated if 
in the conditions of Theorem 11.11 there are considered oj, 1 oj, . . . , k oj = 1. 

Summarizing the results provided in Sections EHU (they may be consid- 

6 We have to solve certain systems of quadratic algebraic equations and define some 
e Y (w fi ), for given coefficients of any (0 and fT]), choosing a convenient system of coor- 
dinates u a — u a (it /3 );to present the a "shell structure" is convenient for purposes 
to simplify proofs of theorems; in general, under arbitrary frame/coordinate transform, 
all "shells" mix each with others. 
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ered also as a review for the 'higher dimension' version of the anholonomic 
deformation method of constructing exact solutions in gravit}0), we get a 
proof of Main Theorem 11.11 

Finally, we note that even we shall present a number of key results 
and some technical details, we shall not repeat explicit computations for 
coefficients of tensors and connections presented for the " Killing case" k = 
in our previous works [301 l3"H [32], see also reviews and generalizations in 

mm- 

2 Higher Order Nonholonomic Manifolds 

In this section, we outline the geometry of higher order nonholonomic 
manifolds which, for simplicity, will be modelled as (pseudo) Rieman- 
nian manifolds with higher order "shell" structure of dimensions k n = 
n+ m+ 1 m + ...+ k m. Certain geometric ideas and constructions originate 
from the geometry of higher order Lagrange-Finsler and Hamilton-Cartan 
spaces defined on higher order (co) tangent classical and quantum bundles 
PHI dU [121 [13] . Such nonholonomic structures were investigated for models 
of (super) strings in higher order anisotropic (super) spaces [6] and for an- 
holonomic higher order Clifford/ spinor bundles [Zl[8j[9]. In explicit form, 
the (super) gravitational gauge field equations and conservations laws were 
analyzed in Refs. [331 EH E23 E3] . 

2.1 Higher order N— adapted frames and metrics 

Our geometric spacetime arena is defined by (pseudo) Riemannian mani- 
folds k ~V enabled with nonholonomic distributions (which can be prescribed 
in any convenient for our purposes form like we can fix any system of refer- 
ence/ coordinates). 

Definition 2.1 A manifold k ~V, dim fc V = k n, is higher order nonholo- 
nomic (equivalently, k- anholonomic) if its tangent bundle T fc V is enabled 

7 this work is organized as following: In Section [2] there are outlined some necessary 
results from the geometry of nigher order nonholonomic manifolds. Section [3] contains 
the system of partial differential equations (PDE) to which the Einstein equations can be 
transformed under nonholonomic frame transforms and deformations. In Section [4] we 
prove that it is possible to construct very general classes of exact solutions with Killing 
symmetries for such PDE in high dimensional gravity. We also show that it is possible to 
generate "non-Killing" solutions in most general forms if we consider nonholonomically 
deformed conformal symmetries. We conclude and discuss the results in Section [S] 
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with a Whitney sum of type 

t k v = h fc ve v fc ve x v fc ve 2 v fc ve ...® k v fe v. (9) 

For k = 0, we get a usual nonholonomic manifold (or, in this case, N- 
anholonomic) enabled with nonlinear connection (N -connection) structure. 
We say that a distribution (0J) defines a higher order N-connection ( equiva- 
lently, fc N -connection) structure. 

Locally, a fc N-connection is defined by its coefficients fc N = {N?, Nj a , 
N N k k a la }, with {N? } C {N a la } c{N^}c...C N & }, when 



°N = N?(u a )dx l ® ^, 1 N = N; a (u la )duP®^, 

2 N = N 2 1 a (u 2a )du 1 P®^,..., k N = N h k ^Ju ka )du k ~ 1 P®-^. 

ay a p ay a 

It should be noted that for general coordinate transforms on fc V, there 
is a mixing of coefficients and coordinates. H For simplicity, we can work 
with adapted coordinates when some sets of coordinates on a shell of lower 
order are contained in a subset of coordinates on shells of higher order by 
trivial extensions like u ' Sa — > u " s+ a = (u Sa ,y s+la ). 

Proposition 2.1 There is a class of N -adapted frames and dual (co-) frames 
(equivalently, vielbeins) on fc V which depend linearly on coefficients of fe N- 
connection. 

Proof. We construct such frames following recurrent formulas for k = 
0, 1, when 

9 „ T k n d _ d \ , . 

N k 1 v~^> feT' e *a = &a = , (10) 



" du k ~ Lv v dy ka " " dy ka 

^ = da" -1 ", e ka = dy ka + N k \du^ v ) . (11 



□ (End proof.) 

The vielbeins (|1Q|) satisfy the nonholonomy relations 



[e k a , e k p] = e k a e fc/8 - e fc/3 e fcQ , = w ^ fc/3 e k 7 (12) 



s We use boldface symbols for spaces (and geometric objects on such spaces) enabled 
with a structure of N-coemcients. 
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with (antisymmetric) nontrivial anholonomy coefficients 

w k a = dN k k _ b iJdu a and w l b _ la k _ 1/3 = k h _ la k _ 1/3 , where 

fe _i Q fe-i^ = ek-ijg ( N k _ la J — ek-i a {N k _ 1 p\ (13) 

are the coefficients of curvature fc fi of N-connection fc N. The partic- 
ular holonomic/ integrable case is selected by the integrability conditions 
w t-i k = 0. 

Any (pseudo) Riemannian metric g on fc V can be written in N-adapted 

t0 fe 7 ] 



form, we shall write in brief that g = fc g = {g k g &-,}, for 



k g = g k -ig k -^{u k ' la )e'^ ®e~^ + h k a k b (u ka )e k(l ® e k \U) 
= gij (x k y ® e J ' + ® e 6 + /» i a i 6 (« la )e " a ® e " b 

+h 2 a 2 b (u 2 ")e 2(1 ® e 2fe + . . . + h k a k b (u k(x )e " a ® e fc& , 

for some N-adapted coefficients g ^ * 7 = [tjy, fo a &, h i a i b , . . . ,h k a k b ] and 
iV fe_i ■ For constructing exact solutions in high dimensional gravity, it is 
convenient to work with such N-adapted formulas for tensors' and connec- 
tions' coefficients. 

For instance, we get from (|14p a metric with a parametrization of type 
([5]) when all k uj = 1 if we choose 

gij = diag[ex,ff>(x h )],h ab = diag[h a (x l ,v)}, 

N A k =w k (x\v),Nl = n k {x\v)- (15) 
h i a i b = diag[h i a (u a , 1 v)], 

Nl = w p {u a , l v),N} = np(u a , M; 
h 2 a 2 b = diag[h 2 a (u 1q , 2 v)], 

N\ B = w iJu 1q , 2 v),N\ b = n 1B (u 1q , 2 v); 



h k a k b = diag[h k a (u a , v)}, 

A/-4+2A: _ / fc_1 o k,,\ Ar5+2fc _ / fc_1 a! fc„,\ 

iv fe _ 1/? — w fc-i^if , uj,iV fe _ 1/? — n k-ip[u , 

Such a metric has symmetries of k + 1 Killing vectors, e§ = d/dy 5 ,ei = 
d/dy 7 , e5 + 2fc = d/dy 5+2k , because its coefficients do not depend on y 5 ,y , 
...y 5+2k . Introducing nontrivial k uj 2 (u a ) depending also on y 5 + 2fc , as mul- 
tiples before h k a , we get N-adapted parametrizations, up to certain frame/ 
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coordinate transforms, for all metrics on fc V. In Section [3l we shall define 
the equations which must satisfy the coefficients of N-adapted metrics when 
(|15p will generate exact solutions of Einstein equations. 

2.2 N— adapted deformations of the Levi-Civita connection 

By straightforward computations, it is a cumbersome task to prove using 
the Levi-Civita connections fc V) that the Einstein equations (|3|) on higher 
dimensional spacetimes are solved by metrics of type ([5]). We are going to 
show explicitly that general solutions for fc V can be constructed passing 
three steps: 1) to adapt our constructions to N— adapted frames of type e Q 
()10p and f)ll j) : 2) to use as an auxiliary tool (we emphasize, in Einstein 
gravity and its generalizations on high dimensional (pseudo) Riemannian 

7. — '** k 

manifolds) a new type of linear connection D = { T k }, also uniquely 
defined by the metric structure; 3) To constrain the integral varieties of 
general solutions in such a form that fc D — > fc V. 

Definition 2.2 A distinguished connection k T) (in brief, d-connection) on 
fc V is a linear connection preserving under parallelism a conventional hori- 
zontal and k-vertical splitting (in brief, h- and v-splitting) induced by fc N- 
connection structure ([9^. 

We note that the Levi-Civita connection fc V, for which fc V fc g = 
and k T 01 == fe Ve a = 0, is not a d-connection because, in general, 
it is not adapted to a N-splitting defined by a Whitney sum ([9]). So, in 
order to elaborate self-consistent geometric/physical models adapted to a 
N-connection it is necessary to work with d-connections. 

Theorem 2.1 There is a unique canonical d-connection fe D satisfying the 
condition fc D fc g =0 and with vanishing "pure" horizontal and vertical tor- 
sion coefficients, i. e. T l - k = and T k a b kc = 0, see (below) formulas 

Proof. Let us define fc D ELS £1 l-form 

f % = f % fe7 e (16) 
with f k ^ — (T i T a r 5 * r" 1 ■ T la n a n la ■ .f k a 

W1U1 1 k a kp - l-kjfc, Hfc> u jc> He ^ 16a' °/3 ! C > U 16 !c' • • • ' ^ k b "a' 

Ck-ipk c , C k£k c ), whereL !° l7 = f^ 7 = (l,*. fc , L% k , C] c , C£ C J ; L 2 * 2iy = 

9 a unique one, which is metric compatible and with zero torsion, and completely defined 
by the metric structure 
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V a ■ ' T — V a fnr 



ga/3 = [gij(x k ),hab(u y )],gl a ip = [g a i3{u 1 ),hi a i b (u l ' y )}, 



g 2a 2/3 = [gi ft lp(« "'),h2 a 2 b (u 7 )],..., 

fc — 1 fc 

g = [g *-1q 1 ),hk a k b {u 7 )], 



where L*- fc = ^ r (e fc ^> + e,-^ - e r 5 jfc ) , 



= e 6 (iV fe a ) + (e fc ft bc - /to e b iV fe d - ft dfe e c N^ . 
Cjc = ^ <fc ec5j fc , C 6 a c = i/i ad (e c ft M + e c h cd - e d h bc ) , 



^iL = e Q a ) + \h la lc (e a h i b i c - /i i d i c e i b N ^ 



1 



-ft i d i b e i c N a ), C| i c = - 5 Q7 e i c 5/3 7 , 
CiMc = 2^ ^ (e i c ft i b i d -\- e i c /i i c i^ — e i^/i 15 i c ) , 



L ^ lQ = e 2& (7V 2 f Q ) + ift 2 « 2c (e lQ ft 2f) 2c - h 2 d 2c e 2 b N \ 
-ft 2 d 2 b e 2 C N f a ), C 1? 2 C = -9 a 7 e 2 c g ip i 7 , 



i/3 2 C - Y 

2^ 1 2^ 2^ 

C 2 ^ 2c = - ft (e 2 c ft 2 b 2 d + e 2 c ft 2c 2d - e 2(i ft 2fe 2 C ) , 



r K a 

^ k b k-l a — 



pi k a 
U fcfe fc c 



e fc 6 (iV k-i a ) + 2 h a C ^ e k b k c -h k d k c e k b N 

n k d k b e k c l\ k-i a ), ^ k-ip k c = -g e k c g k-ip 

-ft a (e k c h k b k d + e k c h k c k d - e k d h k b k c ) . 
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It follows by straightforward verifications that k D k g = 0, where this N- 
adapted metric compatibility condition splits into 

Djg k i = 0, D a g M = 0, Djh ab = 0, D a h bc = 0, (18) 
D 7 g a p = 0,D i a g a p = 0, D y h i a i b = 0,D i a h i b i c = 0, 

D i 7 S 1 a 1/3 = 0) D 2 a9 i a 1/3 = °, £> i 7 /l 2 a 2 6 = 0, D 2 a /l 2 b 2 C = 0, 



D k-i 7 g k-i a k-ip = 0, D k a g k-i a k-ip = 0, 

-D k-i^h k a k b = 0, D k a h k b k c = 0, 

where the covariant derivatives are computed using corresponding coeffi- 
cients, step by step, on every shell. The canonical d-connection contains an 
induced torsion (completely determined by the coefficients of metric, and 
respective N-connection coefficients) 

f k " = T% k yf>/\e k i= k T>e ka = de ka + T k ^Ae k P, (19) 
with coefficients 

rpi "ji fi rpi rpi Pi rpa r\a (OfW 

jk ~ jk ~ ^ kji 1 ja — ~ L aj ~ u ja> 1 ji ~ _s ' jii \ Z[J ) 

dN a - 

rpa rpa _ i j a rpa r~ia s~ia . 

1 bi — _i ib — -Qyb ^ Hi 1 be — U bc~ U C&5 



rpa t a t a rpa. rpa /~ia rp a O a 

1 M - L /3 7 - L 7/3; 1 p i a - _i ~ ° /3 i<j> J /3a ~ /3a> 

dy 



rp 1 a _ rp 1 a <> l a m 1 a p 1 a p 1 a 

1 ifca - _J a ifi - o i fe ~ ^ i&a' J i& i C ~ ° x 6 i c ~ ° i c x 6' 



ffi : a 

i/3 i 7 


T la 
— 1/3 i 


rp 2 a 

1 1/3 la 




J 2 6 2 C 


Pi 2 a 
- ° 2 b 2 C 



1, 



L a' J 2 b i a 



la 

1/3 2 a - 


ffi : a 
- 1 2 a i/3 


Pi x a 
- U 1/3 2 a> 


ffi 2 a 

1 la 2fe 


1 a 


- L 2 b la' 


<9y 2b 



2 a . 

2 C 2 6 , 



k- 


-la 




k 


-1/3 k 


-l, 




k-i a 




f 




fc 



fc 6 fc -ia 

y fe a 
fe 6 fe c 



fc-ia fc-i. 



_rp fc x a _ Pi k 1 a rp k a 

1 k n fc-l/9 — ^ fc a ; 1 k—lp k—l a — 



_T k<1 

fc-ia fc 6 



!/3 

9y fe ^ 



o a 



P k a _ P k a 

k b k c k c k b' 
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Introducing values $T7D into ([20]) we get that T jk = and C ^ kc = 
which satisfy the conditions of this theorem. In general, other N-adapted 
torsion coefficients (for instance, T l j a ,T a j i and T a bi ) are not zero. □ 

The torsion f)19|) is very different from that, for instance, in Einstein- 
Cartan, string, or gauge gravity because we do not consider additional field 
equations (algebraic or dynamical ones), see discussions in [21 [3]. In our 
case, the nontrivial torsion coefficients are related to anholonomy coefficients 
w ll ko in fl2b. 



We can distinguish the covariant derivative fc D determined by formulas 
([15)1 and ([HD, in N-adapted to ([9]) form, as D k a = [pi, D a , D i a , D k a ^j , 

where D k a are shell operators. 
From Theorem 12 .1\ we get: 

Corollary 2.1 Any geometric construction for the canonical d-connection 

- k 

fe D = {r 2 a kp] can be re-defined equivalently into a similar one with the 

k 

Levi-Civita connection fc V = {r 2 a kp} following formulas 

-p k l _ f fc 7 , y fe 7 (oi\ 

k a k j3 ~ k a k /3 ' k a k fi^ \ ■> 

where the N-adapted coefficients of linear connections, T 2 a hp) ^ 2 a kpi 
and the distortion tensor Z 2 a kp are determined in unique forms by the 



coefficients of a metric g 



■a k i3- 



Proof. It is similar to that presented for vector bundles in Refs. |141I15| 
but in our case adapted for (pseudo) Riemannian nonholonomic manifolds, 
see details in [HEHl] and, in higher order form, in [6l[71[9]. Here we present 
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the N-adapted components of the distortion tensor Z 2 k a computed as 



rya 

A bk 



rya 

A jb 

ry 1 a 

Z M 

ry 1 a 

z 1&7 



Z la !& 



a k /3 

-Cjb9ikh ab - -j^jk, Z\ k = -£l c jk h cb g jl - Ejf. C 3 hb , 



-"ab r^C ryi 

^cd A kbi z fc6 



1 



ih 



-^l a j k h cb g >% + r} jk C 3 hh , Z\ k — 0, 



•jk ^hbi ^jk 



—^ad rpC rya fi ryi 

— ~ "c& J jd' A bc — u > z a6 — - 



Tj a h cb + Tj b h ca 



+ ■ la 1 6 /ri 1 c /7a 1 o 1 ai 1 fla , "or P</3 

- i C id J 7 16) Z /3 16 - o"/37 h ^ x b9 + -/3 7 7- i 6 ) 



(22) 



-07 °t 1ft' 



07 'a _ — r— < 1 a irf /ri !• 
' Z /3 i& ~~ ~~ " i" lfc J a 



1 C 1& ^/S Id' 



^3 la^ 1 ic i& + T 8 i&^ ic la 



2- ; • - 2 a 2 & 1 - 



■Z' lp i y — -C ip 2b g i a i~/h a - -Q. ip i 7 



1/9 l Q - 1q j t ^ x /3 7 2 a _ +^ 2 a 2 6 
~~ " 1/3 l-v ° 1-r- 2fc, & 2h 1-v — - 



/3 17 ^ i r 2 6> ^ 2 fe x 7 _ ' " 2 c 2 d ^ 17 2 6' 



7 1q _ 1 n 2 a h n 1 P 1 a ,^ 1 a 1 T ^ x /3 

Z 1/9 2 6 — 2 1 P l 1 2 ° 2b9 + ^ 1/3 x 7 ° ir 2 6' 



7 1« 

^ 1/3 i 7 " 


= 0, z 


2 a 

1/3 2 6 


7 1 a 

Z 2 a 2 6 ~ 


2 




7 fc a 

fc-i/3 k 


-i 7 = 


— C *; 


7 

^ fef, fc-l 7 


= ±n 
2 


k-lp 


7 fc a 




k a k b 
k c k d 


ry k ~ 1 a 

Z fc-i/3 k b 


-5°" 


k a 

k-ip 



/3 i 7 

— ™ 2 a 2 d /t! 2 c 7 2 a 

" 2 c 2 6 1 i/3 2 d) ^ 2 b 2 C 

^Ifl 2„/i 2 r 2 h + T xp 2 b h 



fc — l a k—l^h 



k a k b • ( ) <( 



/ri fe C 
1 k-1 



k-lp k-i a _ „ k-i a k-i T - fc-l^g 

" fe-i/3 fc-i 7 fc-i T fc^j 



7 fc 6 5 



fc -i/3 fc -ia , fc -ia fc "ir - 'p 



fc-l^g 



7 fc -!« 



7 

Z fe a fc 6 



n 7 fc a — c fe<1 fe <^ T" * c 

U, ^ fc-lfl k b — ~ ^ k r k b 1 k-1 



- . ry a r. 

^ fc 6 — — fe c fc 6 -t fc rf , ^ fc c — u, 

fc f 1^ fcfl /i k c k b + T k 2.ip kh h k c k a 
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for Eg = l(6ffi-g jk g ih ), = ±(6 a J b d ± h cd h ab ) , 

±rj fe a k b _ ( s: k ax k b i i i k a k b\ 

^ k c k d — -{ o k c o k d =t n, fe c fc d n, j, 
where the necessary torsion coefficients are computed as in (|20p . □ 

Remark 2.1 Hereafter, we shall omit certain details on shell components 
of formulas and computations if that will not result in ambiguities. Such 
constructions are similar to those presented in above Theorems and in Refs. 

m[l[3[3EaE21EI[B0[a0[ME3Ef- Some additional necessary 
formulas are given in Appendices. 

In four dimensions, the Einstein gravity can be equivalently formulated 
in the so-called almost Kahler and Lagrange-Finsler variables, as we con- 
sidered in Refs. [4j [37l [38j [39]. Similarly, for higher dimensions, we can 
use the canonical d-connection fe D and its nonholonomic deformations for 
equivalent reformulations of extra dimension gravity theories and as tools for 
generating constructing exact solutions. In particular, imposing necessary 
type constraints, it is possible to generate exact solutions of the Einstein 
equations for the Levi-Civita connection fc V. 

3 N— adapted Einstein Equations 

In this section, we define the Riemannian, Ricci and Einstein tensors 
for the canonical d-connection fc D and metric fc g (I14p and derive the 
corresponding gravitational field equations. We also formulate the general 
conditions when the Einstein tensor for fc D is equal to that for fc V. 

3.1 Curvature of the canonical d— connection 

As for any linear connection, we can introduce: 

Definition 3.1 The curvature of f) is a 2-form K = 6f = dT - f A t. 

In explicit form, the N-adapted coefficients can be computed using the 
1-form (QID, 

n = Df % = cW\ - f\ A f \ = R% fc7 fcT e A e T , (23) 
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The N-adapted coefficients of curvature are parametrized in the form: 

R^ k a /pa / pi pa pi pc pi pa \. (0A\ 

kp fe 7 k T — \n p 1T — \rL h j k , n b j k , n j ka , n bka , n j bc , it bcd f, 

p a r pa S o r« p x c So S 1(1 ■ \- 

-ft 1/3 l 7 i T — 1^ ^r)-" V 'n' 1 b 1 1 ai U P H 1 d n 1 b 1 c 1 d'fi 

— .9 — 1 — 9 — 1 — 9 

p a _ jp « pa pa p ^ 

-ft 20 2 7 2 T — 1-ft lfl 1-y l T ,-ft 2 fc 1„ l T ,Jt 10 1 2 a) -ft 



/3 2 7 2 T — l-Il 10 1 7 1 T , -ft 2f) 1 7 1 T , -ft l^l 7 a 4l " 2 b 1 7 2 , 

« p 2 a \. 

2 b 2 c' 11 2 b 2 c 2 dJ ' 



p k a _ rp fe 1 o p fc a p fc 1 a 

-ft fe/3 fc 7 fe r — \- f t k-lg fe— 1 7 fe— i T ) -ft fc^ fc_ 1 fe-i r ;-ft fc— 1/3 fe-l 7 fe a i 

— fe — fe — 1 — fe 

p K c fi> a P a 1\ 

-ft fcf, fe-l 7 fe a ) -ft fc-l/3 fcfr fc c ! -ft fcj fe c fcrfj/) 

where the values of such coefficients are provided in Appendix [Aj see The- 
orem |Aj] and formulas (lA.lj) , 

Definition 3.2 The Ricci tensor Ric(D) = {R a ^} of a canonical d-connec- 
tion D is defined by contracting respectively the N-adapted coefficients of 
R a / 3 7< 5 m>, when K a0 = RT^. 

We formulate: 

Corollary 3.1 TAie Ricci tensor o/D is characterized by N-adapted coeffi- 
cients 

R h a hp = {Rij,Ria, Rai, Rab': Ra(3 , R a 1 ai R 1q/9j R 1 a 1 b'i (25) 

R i a 1/3, Ri a 2 a , R2 a ip, R2 a 2 b ;...; 

R fe — Iq; k — lp,R fe — Iq, fc fl j R k a fe — 1/3, R fc a fe^}l 

where Rij = -ft jjfc, Ria 4= ~R ihai Rai =F R h aibi Rab =F R C abet (26) 
-Rq/3 4= -R 7 a/ 3 7 , -Ra la 4= _ ^ 7 Q7 l a > R 1 aa^R l aQ 1&> 
R 1 a 1 b^ R l a lb l c ! 

R 1 a 1 (3 ^ R l a 1/3 17' R 1 a 2 a^ ~R i a l~ 2 a i 

R 2 a l a = R 2 a l a 2 b , R 2 a 2 b = R 2 a 2 b 2 C ', 



_^p fel 7 p _i_ P ^ 

1 Q fe-l/3 — -ft fc _ 1 „ , -ft fe-l Q fe a — -ft fc _ lQ , fc _!^ fc^, 

-R k a fc-i a = -R fe a fe-i Q fe fe , R k a k b = R k a k b fe c - 
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Proof. The formulas (|26p follow from contractions of (|24p . To compute 
the N-adapted coefficients of the Ricci tensor Ric(D) for metric fc g (|14p we 
have to construct correspondingly the formulas (jA.ip . □ 

Definition 3.3 The scalar curvature S R o/D is by definition 

S R = g fcQ ^R fcQfc/3 (27) 
= gVRtj + h ab R ab + h la lb R i a l6 + ... + " a ka kb . 



Using values (|26j) and (|2T|) . we can compute the Einstein tensor E k a kp 
of D, 

E k a kp = R k a kp - -g fc Q kp S R. (28) 
In explicit form, for N-adapted coefficients, we get a proof for 

Corollary 3.2 The Einstein tensor E k a fcg sp/ite mto /i- and k v -components 

E feQ, fc^g = {Eij = -Rjj 2^*J > — RiaiE a { — Rai: E ab — -Rafe 

§^a& x a = -Ra x a> E i a p = R 1 a/3i E i a i b = R 1 a 1 b ~ \^ 1 a 1 b * R\ 

E l a 2 a = R l a 2 a , E 2 a lp = R 2 a lp, E 2 a 2 b = R 2 a 2 b - \h 2 a 2 b S R] 

E k-i a k a = R k-i a k a , E k a k-ip = R k a k-ip, E k a k b = R k a k b 
— \h k a k b S R}. 

In different theories of (string/brane/gauge etc) gravity, we can consider 
nonholonomically modified gravitational field equations 



"a k B — J<- i- k a ka, 



(29) 



for a source T k a k p defined by certain classical or quantum corrections 
and/or constraints on dynamics of fields to usual energy-momentum tensors. 
Such equations are not equivalent, in general, to the usual Einstein equations 
([2]) for the Levi-Civita connection fc V 

Condition 3.1 A class of metrics fc g 1 14\ ) defining solutions of the grav- 
itational field equations the canonical d-connection A29\) are also solutions 



10 As we noted in Refs. 4 37, 38, 39 , an equivalence of both types of filed equations 
would be possible, for instance, if we introduce a generalized source T kp k S containing 
contributions of the distortion tensor (1 221) - 
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for the Einstein equations for the Levi-Civita connection if with respect 
to certain N-adapted frames MCfy and there are satisfied the conditions 

Cj b = 0, fi"^ = 0, Tj a = 0; Cp i b = 0, U p a a = 0, Tg f a = 0; 
C^ 26 = 0,n% lQ = 0,f i| 2a = 0;...; (30) 

C fc-ifl fcj = 0,0 f ; _i£jf ; _i Q = 0,X , fc_i^fc a = 0; 

and xT fc a fco includes the energy-momentum tensor for matter field in 
usual gravity and distortions of the Einstein tensor determined by distor- 
tions of linear connections. 

Proof. We can see that both the torsion (]20p and distortion tensor, 
see formulas (|22p . became zero if the conditions (|30p are satisfied. In such 
a case, the distortion relations ([21]) transform into T ^ a kj3 = T 2 a kp 

(even, in general, D ^ V)o Even such additional constraints are imposed, 
the geometric constructions are with nonholonomic variables because the 
anholonomy coefficients are not obligatory zero(for instance, w\ a = d a Nf 
etc, see formulas P^j) ). □ 



3.2 The system of N— adapted Einstein equations 

The goal of this work is to prove that we can solve in a very general form 
any system of gravitational filed equations in high dimensional gravity, for 
instance, for the canonical d-connection and/or the Levi-Civita connection 
if such equations can be written as a variant of equations (I29p . 

R \p = T k p, (31) 

with a general source parametrize in the form (j4]), T k( \ „ = diag[T ky], 
including possible contributions from energy-momentum and/or distortion 
tensors. 

Let us denote partial derivatives in the form 
<9 2 = d/dx 2 , ...,d v = d/dv, dk v = d/d k v, ...,d a = d/du a , ...,d k a = d/du a . 

11 This is possible because the laws of transforms for d-connections, for the Levi-Civita 
connection and different types of tensors being adapted, or not, to a N-splitting ([9]) are 
very different. 
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Theorem 3.1 The gravitational field equations &31}) constructed for fc D = 
{r 2 a kp} with coefficients |77|) and computed for a metric k g = {g k^ 

with coefficients M5\) are equivalent to this system of partial differential 
equations: 

1 <9 2 32 • d 2 g 3 , (<9233) 2 



R\ 



R 4i 



2^253 2^2 
9i92 • d 3 ff 3 {dz92) 2 
2 5 2 



253 



£>2 53 



2<?3 



ftfo] = -T 4 (x* 



2h d h 



d v In 



4"-5 



-T 2 (x>), 



/3 Oj_ _ n 

~ Wi 2h A 2h A ~ ' 

"2/l4 



[<9„ 2 nj + 79„nj] = 0, 



(32) 



(33) 

(34) 
(35) 



R2 



37 ^ x v h 7 
K 7 — 



2h^hj 

l j3 



d 1,, In 



\f\h&h-, 



R 8 



R 



8 V 



9 V 



i?9 



d 2 v h 9 I 

2/wT 9 2 " 1 ln 



8 "9 



\/\h%h 9 



d 2 v h s 



2 ?2(U ^, 2 V), 



2 /3 a 1 
-10 i„— rr-^ = 0, 



2h 8 2h 8 



hg_ 

'2k* 



[d 2 v n v + 2 jd 2 v n v ] = 0, 



R 



4+2fc 
4+2k 



R 



5+2k 



9 fc„/i 



5 ^d >„ In 



-^5+2fc fe -V 



5+2fc 2/l4 + 2fc/l5+2fc " 



\/l^4+2fc^5+2fc| 



9 k v h A+ 2k 



a k-i, 



-W fc-l, 



5+2fc 
2/l4+2fc 



9 2 n fc _i„ + 7c? fcl ,n fc-i 



0, 
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where, for d v h 4 ^ and d v h§ ^ 0; di v h§ ^ and di v h 7 ^ 0; cfe^/ig ^ and 
d2 v hg ^ 0; dk v h 4+2k / and dk v h 5+2k / 0@ 

= In |— i==|, «j = ^/i 5 • <9i0, (36) 

/3 = d v h 4 -d v <t>, J = d v (ln|/i 5 | 3/2 /|/M|) ; 

V = ln |-7r==Tl' a>^ = di v h 7 • d M V, 
y\h&h 7 \ 

x p = di v h 6 1 7 = 5i, (ln|/> 7 | 3 / 2 /|/i 6 |) ; 



. 3 k v h 5+ 2k 1 ft , o fc . 

= ln l 7ft r 1 1' a k-i^ = d k v h 5+2k -Oh-i^ (f>, 

V l' 1 4+2fc"'5+2fc| 

k p = d k v h 4+2k ■ d k v V, S = 9 fc „ (in |/i 5 +2fc| 3/2 /l^4+2fc! 
Proof of this theorem is sketched in section iBl 

Finally, we emphasize that the system of equations constructed in Theo- 
rem [3J] can be integrated in very general forms. For instance, for any given 
T4 and T4, the equation (J32j) relates an un-known function g 2 (x 2 ,x' i ) to a 
prescribed gs(x 2 ,x' i ), or inversely. The equation (f33j) contains only deriva- 
tives on y 4 = v and allows us to define h 4 (x l ,v) for a given /^(x 4 , t>), or 
inversely, for h% 5 7^ 0. Having defined /14 and /15, we can compute the coef- 
ficients (j36j) . which allows us to find itfj from algebraic equations (|34|) and 
to compute by integrating two times on v as follow from equations (f35|) . 
Similar properties hold true for equations on higher order shells. 



12 solutions, for instance, with d v h4, = and/or 9„/i5 = 0, should be analyzed as some 
special cases (for simplicity, we omit such considerations in this work) 
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4 General Solutions for Einstein Equations with 
Extra Dimensions 



In this section, we show how general solutions of the gravitational field 
equations can be constructed in explicit form. There are three key steps: 
The first one is to generate exact solutions with Killing symmetries for the 
canonical d-connection. At the second one, we shall analyze the constraints 
selecting solutions for the Levi-Civita connections. The final (third) step 
will be in generalizing the constructions by eliminating Killing symmetries. 

4.1 Exact solutions with Killing symmetries 

We formulate for the Einstein equations for the canonical d-connection: 

Theorem 4.1 The general class of solutions of nonholonomic gravitational 
equations 1131)) with Killing symmetries on e^, + 2k = d/dy 5+2k is defined by 
ansatz of type |5|) with k uj 2 = 1 and coefficients g^,h k a , w k-i a ,n k-i a 
computed for k = 0, 1, 2, ... following formulas (0|). 

Proof. We sketch the proof giving more details for the shell k = 
(higher order constructions being similar): 

• The general solution of equation (132(1 can be written in the form 
w = <7[o] exp[a2X 2 (x 2 , x 3 ) + CI3X 3 (x 2 , x 3 )], were gw\,az and 03 are some 
constants and the functions x 2,3 (x 2 ,x 3 ) define any coordinate trans- 
forms x 2,3 — > x 2 ' 3 for which the 2D line element becomes conformally 
flat, i. e. 

g 2 {x 2 ,x 3 ){dx 2 ) 2 + g 3 (x 2 ,x 3 ){dx 3 ) 2 ->■ w(x 2 ,x 3 ) [(dx 2 ) 2 + e{dx 3 ) 2 ] , 

where e = ±1 for a corresponding signature. It is convenient to write 
some partial derivatives, in brief, in the form dig = g m , d%g = g , d^g = 
g*. In coordinates x 2 ' 3 , the equation (132 p transform into w (w + zu") — 
w — w' = 2-n7 2 T 4 (x 2 ,x 3 ) or 

$ + if/' = 2T 4 (x- 2 ,x 3 ), (37) 

for ip = In \ The integrals of ([37]) depends on the source T4. As a 
particular case we can consider that T4 = 0. 

• For k Ti(u k 1q , k v) = 0, the equation (j33[) . and its higher shell 
analogs, relates two functions h i+ 2k{u h 1q , k v) and h 5+2 k{u k la , k v) 
following two possibilities: 
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a) to compute 

V\ h 5+2k\ = lh+2k (u L la ^j + 2 h 5 +2k (u k la ^j X 

j ^\h A+2k (u k -^, kv)\dv, for d kv h 4+2k (u k ~ la , k v) ^ 0; 

= lh +2k (u k ~ la ) + 2 fc5+2* (« k " a ) k V, (38) 

fc— 1 / 

for d k v h 4+2 k(u a , v) = 0, 

for some functions 1/15+2* ( u * 1q ) and 2*5+2* * 1q! ) stated by 
boundary conditions; 

b) or, inversely, to compute /i4+2* for respectively given /15+2*, with 
d k v h 5+2 k ^ 0, 

.J\h^2~k~\= lh{u k ~ la ) d kv ^/\h 5+2k (n^ 1 ", * w ) I, (39) 

with ^/i fit k la ^j given by boundary conditions. We note that the 
(|33p with zero source is satisfied by arbitrary pairs of coefficients 
h4+2k( u k kv ) and 0*5+2* (j 1 * ±a ^j ■ Solutions with k T2 7^ can 
be found by ansatz of type 

h 5+ 2k[ k T 2 ] = h +2k , h 4 [ k T 2 ] = ? 4 +2* (u k ~ la , k v) * 4+ 2fc, (40) 

where *4+2* and h 5+2k are related by formula ([38]) . or ([39]) , Substi- 
tuting (|40p. we obtain 

/ fe " 1 a fc \ ( k - 1 a\ f fenr ^4+2*^5+2* , * 

<?4+2fc U , «) = Q+2* U - / T 2 — r — 7 d K v, (41) 

v ' \ / J 4o k v n 5+2k 

where °?4+2fc (u h are arbitrary functions. 

• The exact solutions of (|34h for /3 ^ are defined from an algebraic 
equation, Wi/3+a.i = 0, where the coefficients (3 and oti are computed as 
in formulas (136p by using the solutions for (132p and (133p . The general 
solution is 

w k = d k \n[^/\h 4 h 5 \/\ht\]/d v HV\h4h\/\h* 5 \}, (42) 

with d v = d/dv and *| / 0. If *§ = 0, or even h% ^ but /3 = 0, 
the coefficients u>fc could be arbitrary functions on fa; 1 ,^) . For the 



24 



vacuum Einstein equations this is a degenerated case imposing the the 
compatibility conditions f3 = on = 0, which are satisfied, for instance, 
if the hi and /15 are related as in the formula ([39]) but with /ir ] (x*) = 
const. 

• Having defined /14 and /15 and computed 7 from (|36j) . we can solve the 
equation (f35l) by integrating on variable " t> " the equation n** + 771* = 
0. The exact solution is 

rik = n k [x] (x l ) +n k[2] (x l ) J [h±/(y/\h^\f]dv, h% ^ 0; 

= n k[1] (x l ) + n fc[2 ] (V) y Mu, = 0; (43) 

= n k[l] (j)+n k[2 ] {j) J[l/(y/M) 3 ]dv, ^ = 0, 

for some functions 2 i (x 2 ) stated by boundary conditions. 

• The generating and integration formulas in higher order formulas (|40p , 
(BU) i PS]) , ([4"3"]) etc are redefined in a form as it was considered for k = 
in review articles [HQ] which result in formulas (0) for k u 2 = 1. □ 

We note that the solutions constructed in Theorem 14.11 are very general 
ones and contain as particular cases all known exact solutions for (non) holo- 
nomic Einstein spaces with Killing symmetries. They also can be generalized 
to include arbitrary finite sets of parameters, see Ref. [T]. 

Corollary 4.1 An ansatz ^) with k uj 2 = 1 and coefficients g^, h k a , w fc-ig, 
n k-ip computed following formulas |7|) define solutions with Killing symme- 
tries on e^ + 2k = d/dy 5+2k of the Einstein equations (GP for the Levi-Civita 
connection T J q k „ if the coefficients of metric are subjected additionally to 
the conditions |2|). 

Proof. By straightforward computations for ansatz (|14p with coeffi- 
cients (fT5j) . we get that the conditions (|30l) resulting in T 2 a kp = T 2 a kp 
are just those written as ([8]). For such ansatz, one holds the conditions 
(|B.3P and the N-connection and torsion coefficients vanish, i. e. the values 
(IB.ip and (1B.4P became zero. We get nonholonomic configurations for the 
Levi-Civita connection with nontrivial anholonomy coefficients (|12p . □ 

We conclude that in order to generate exact solutions with Killing sym- 
metries in Einstein gravity and its higher order generalizations, we should 
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consider N-adapted frames and nonholonomic deformations of the Levi- 
Civita connection to an auxiliary metric compatible d-connection (for in- 
stance, to the canonical d-connection, fc D), when the corresponding system 
of nonholonomic gravitational field equations (|32j) — f)35j) can be integrated in 
general form. Subjecting the integral variety of such solutions to additional 
constraints of type ([30]) . i.e. imposing the conditions ([8]) to the coefficients 
of metrics, we may construct new classes of exact solutions of Einstein equa- 
tions for the Levi-Civita connection fc V. 

4.2 General non-Killing solutions 

Our final aim is to consider general classes of solutions of the nonholo- 
nomic gravitational field equations (|3ip . and (for more particular cases), of 
Einstein equations ([3]) metrics depending on all coordinates u k(x = (x l ,y a ), 
i.e. the solutions will be without Killing symmetries. 

Let us introduce some nontrivial multiples k u 2 (u a ) before coefficients 
h k a parametrized in the form (115p and defining solutions with Killing sym- 
metries. We get an ansatz 

k g = eie 1 <g> e 1 + gj(x k )e j ® e j + oj 2 (x i ,y a )h a (x i ,v)e a <g> e a 

+ W(u 1q ) h i a i b {u a , 1 v)e la ®e lb 

+ 2 u 2 {u 2a )h 2a 2 b {u la , 2 v)e 2,1 ® e H + . . . 

+ k u 2 (u ka ) h ka kb {u k ' la , k v)e ka ®e k \ (44) 

where the N-adapted basis e ka (and N— connection) are the same as in (j!4[) . 
Under such noholonomic conformal transform^ (defined by generating func- 
tions 2 oj 2 (u ka )) of metric, fc g — > k g, the canonical d-connection deforms 

,-v, fc k ^ k --n _ ^ ^ ^ 

as ^ k a k p ~ * k u)^ k a k ^ wnere hi Y fcQ fc/3 = (Lj k , w L% k , Cj c , w C£.; 

f 1 a Pa P *a 'j k a P k ~ 1 a Pi k a \ 

ior o JC - w i c - ... - fe _ 1/3 fec - u, fe _ la - 

^ k a , z ^ fc a Pi k a (7 * a + z P k a 

k b k ~^a k Ld k b k ~ 1 a 1 k u k b k c k b k c k to k b fe c' 

13 we use the term "nonholonomic" because such transforms/ deformations are adapted 
to a N-splitting stated by a prescribed nonholonomic distribution on a corresponding high 
dimension spacetime 
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with %1 \l fc _ lQ = jj^h ka kc [h H kc e fc _ lj9 ( k uj 2 ) 
-h H kc N l d ll3 d k d ( k uj 2 )} = 5 k ^ b e k -i p In | k uj\; (45) 
H *c = ( 5 X d *c+5%d kb -h hb ke h ka ke d ke ) In | k u\, (46) 
are computed by introducing coefficients of fjg (ji"4"P into (fTTl) . 

Proposition 4.1 For nonholonomic N-adapted transforms k g |i^| ) — > feaj g 
wit/i s/ieZZ coefficients k uj satisfying respectively the conditions e fc-i»( fe w) 
= 0, f/ie fficci tensor transform TL k a kp ( fl3|) — >• fc ^R k a kp, where 

k LO^ k a k f} = {RijiRiai Rail w Rab'i uiRa(3iRa 1 ai R 1 afii 1 u jR 1 a x 6i 

iu>R 1 a 1 /3>R 1 a 2 «! R 2 a 1 fii 2 W -R 2 a 2 b ; ...; (47) 

k-i^R k-i a k-ip,R k-i a k a , R ka k-ip, ku R k a k b }, 

with k-i^R k-i a k-ip computed recurrently using R k—i a k—i^ and 
fe R k a k b = R k a k b + IR k a k b , where the deformation tensor ZR k a k b 
is given by formula 

l u R k a k b = (2 - k m) D k a D k b In | k u;\ - h k a k b h kc kd x 
D k c D k d ln \ k u\ - (2- k m) [d ka ln\ k u\^j D fefe In | k u\ (48) 

+(2- k m) h k a k b h kc kd (3 fc c ln| fc w|) D k d ln\ k co\. 

Proof. It follows from an explicit computation of N-adapted coefficients 
of (|47p taking into account the deformation relations (|45p and (|46p when 
the condition e fc-i | g( k oj) = 0, which is just (J7|) from the Main Theorem ll.il 

k 

Working with shell coordinates y a , the formulas for curvature and Ricci 
tensors are the same as on usual (pseudo) Riemannian spaces for the Levi- 
Civita connection, when coordinates of type x % and y 1(1 can be considered 
as some parameters. For "pure vertical " components, we can apply usual 
formulas for conformal transforms, like (|46p and (|48p outlined, for instance, 
in Appendix D of monograph |40| . □ 

Remark 4.1 1. There are two reasons to consider two dimensional shells 
with k m = 2 : The first one is that this results in field equations of 
type t33\) which can be integrated in general form (it is a problem, 
at least technically, to find exact solutions for k m > 2). The sec- 
ond one is that from ( f^ffi ) we get R %, = S ka kb fc Dln| k u\, with 
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k O = h c d D k c D k d being a shell type d'Alambert operator defined 
by the canonical d-connection. 

2. We can impose additionally the conditions 

fc Qln| fc u;|=0, (49) 

or to include such terms in sources redefining the nonholonomic 
distributions to have 

k T 2 (u k ~ la , k v) = £X 2 (u ka ) - fc Qln| k uj(u ka )\, (50) 

for some well defined k T 2 (u a ) when formulas of type 1\ ) can be 
computed. The conditions \4ty or can be selected also by corre- 
sponding integration functions, for instance, in \39\). \4^ and/or \4ty 
and/ or their higher shell analogs. 

3. Solutions with k m > 2 can be with different topologies and generalized 
nonholonomic conformal symmetries. Locally such constructions may 
be performed in a simplest way by considering formulas only with k m = 
2 by increasing the number of "formal" shells. 

As a result, we get the proof of 

Lemma 4.1 Any metric parametrized in the form with coefficients 

depending on all variables on a (pseudo) Riemannian manifold fc V (dim 
k ~V = 3, or 2, +2k; with k = 0,1,2,... two dimensional shells) defines 
a "non-Killing" solution of the Einstein equations for the canonical d- 
connection fc D if the coefficients are given by data jl31\) as solutions with 
Killing symmetries of \32 \) - [3b^l . when the parameters of nonholonomic con- 

j k 

formal deformations oj{u a ) are chosen as generating functions satisfying 
the conditions e fc-i^( k oj) = and, for instance, fc [Jln| k oj\ = 0. Imposing 
additional restrictions on integration functions as in Corollary \4-l[ we get 
general solutions for the Levi-Civita connection fe V. 

Finally, in this section we formulate: 

Conclusion 4.1 1. Summarizing the Theorems \2.1\ - \4-l\ and Lemma 
\4-l\ we prove the Main Result stated in Theorem \l.l\ 

2. The general solutions defined by the conditions of Theorem \1.1\ ( and 
related results) can be extended to include contributions of an arbi- 
trary number of commutative and noncommutative parameteres. This 
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is possible following the constructions with Killing symmetries, in our 
case for metrics {1$ provided in Ref. JI]/, which can be similarly re- 
considered with higher order shells. 

5 Summary and Discussion 

This work was primarily motivated by the question if the Einstein equa- 
tions can be integrated in very general forms, for generic off-diagonal metrics 
depending on all possible variables, in arbitrary dimensions. To the best of 
our knowledge, such a problem has not yet been addressed in mathematical 
and physical literature being known the high complexity of related systems 
of nonlinear partial differential equations. This is in spite of the fact that 
there were elaborated a number of analytic and numerical methods of con- 
structing exact and approximate solutions and that various types of such 
solutions seem to be of crucial physical importance in modern astrophysics 
and cosmology. Here we note that the bulk of former derived solutions 
are for diagonalizabe metrics (by coordinate transforms), depending on one 
and/or two (in some exceptional cases, on three) variables, with compacti- 
fied dimensions, imposed symmetries, boundary conditions etc. 

In a series of works, see reviews of results in Refs. [H EJ [3], one of the 
main our goals was to formulate a geometric method which would allow 
us to construct exact solutions of gravitational field equations. We applied 
the formalism of nonholonomic distributions with generating and integra- 
tion functions, when some of them are subjected to additional conditions/ 
constraints (written as certain types of first order partial equations, alge- 
braic relations, symmetry conditions etc). That allowed us to elaborate a 
general scheme for deriving exact solutions with one Killing vector symme- 
try and various types of parametric dependencies. Finally, the so-called 
anholonomic deformation method was developed for general "non-Killing" 
solutions in paper [5]. 

Following the anholonomic deformation method, we define some 'more 
convenient" holonomic and nonholonomic variables (frames coefficients and 
coordinates), which for certain types well defined conditions transform the 
Einstein equations into exactly integrable systems of equations. The key 
idea is to use additionally some auxiliary linear connections correspondingly 
adapted to nonholonmic distributions. Surprisingly, in our approach, it was 
possible to reformulate (and, in general, to modify) the Einstein equations in 
such forms, when general integral varieties can be constructed. Subjecting 
the coefficients of such way defined solutions to additional constraints, we 
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can determine some integral subvarieties for standard gravity theories and 
generalizations. Here we note that our auxiliary connection (the so-called, 
canonical distinguished connection, in brief, d-connection) is also metric 
compatible and uniquely defined by the metric coefficients. It contains a 
nonholonomically induced torsion but such a geometric object is completely 
different from that, for instance, in Einstein-Cartan/ gauge / string theory. 
In our approach, we do not need any additional field equations because we 
work with torsion coefficients induced by certain off-diagonal coefficients of 
metric. All geometric constructions can be equivalently performed using the 
Levi-Civita connection or, alternatively, the canonical d-connection. 

Of course, our findings should be considered only in a line of qualitative 
understanding of the concept of general exact solutions in Einstein and high 
dimensional gravity. For such generic nonlinear systems, it is not possible 
to formulate any general uniqueness and completeness criteria for solution 
if we do not introduce any additional suppositions on classes of generat- 
ing functions, symmetries, horizons, singularities, asymptotic conditions etc. 
Only in some more special/ restricted cases, we can provide certain phys- 
ical meaning for such general classes of solutions; to put, for instance, the 
Cauchy problem, construct some evolution models, determine symmetries of 
interactions etc. Our constructions are general ones because "almost" any 
solution in gravity theories can be parametrization in such a form at least 
locally even very different classes of metrics and connections can be stated 
globally for different topologies, boundary conditions, with various types of 
horizons and singularities etc. It is not our aim to perform such studies in 
this article. 

Finally, we emphasize that the bulk of exact solutions in gravity theo- 
ries (in Einstein gravity and various supersymmetric/noncommutative sting, 
brane, gauge, Kaluza-Klein, Lagrange-Finsler, generalizations etc) can be 
represented in a form similar to ([5]). In this paper, we do not analyze possible 
explicit symmetries and physical properties of such solutions. We consider 
such problems in our recent papers [20l EH [22l [231 EH EHl SU H21 S3] and 
plan to provide further developments and applications in our future works. 

Acknowledgement: Author is grateful to M. Anastasiei for discus- 
sions and support. 

A Coefficients of N— adapted Curvature 

In this section, we outline some formulas which play an important role 
in finding systems of partial differential equations which are equivalent to 
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the Einstein equations with nonholonomic variables of arbitrary dimensions, 
see details in Refs. [IJ [2j 0] . The formulas for coefficients of curvature 
1Z of the canonical d-connection D are written with respect to N-adapted 
frames (HDD and (fTTD. 



Theorem A.l The curvature 1Z Zl2tA) of the canonical d-connection D 
computed with respect to N-adapted frames U0\) and ill]) is characterized 
by coefficients 
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R 16^7 = e l L h/3 ~ e P L 1&7 + L °bpL "c 7 ~~ L ib~f L ^c/3 ~ & "ft 7,3' 
^°/3 7 la = ei aL a ^ ~ DjC°p i Q + C*^ i& T 7 \ a , 

^ I67 la = e l aL ifr/~ D l^ 4 i + ^ 1 °6 i^ 7^0' 



ROi /3 16 i c _ e ^C"/? ife ~~ e i C + ^ 16^" ic ~ C ^/3 ic^ 16' 

^ i& i c id = e *& ic ~~ e *6 M 

i /^y l e p 1 a pi 1 e p 1 a 

+o i b i c O i e i d — U i 6 i d O i e i c , 



9 V 9 1q p 1 a Q 2 a 
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2 b ipL, 2 C 1 7 - L, 2 b l 7 iv 2 C - O 2f) 2 c ii 1^ I/3, 



i? f/3 i 7 2 a - e 2(l L ?^ i 7 - D i 7 C 2 a + (5 2fo T i 7 2(l , 
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R 2 b 1 7 2 Q = e 2 a L 2 6 1 7 - D 1 7 C 2 C b 2 a + C 2% 2 d T 1^ 2q , 
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Proof. It follows from "shell by shell computations" as in Refs. [H EJ 

m, H EB ED E21 1 E El [SI ESI ES] • □ 



B Proof of Theorem S3] 

Such a proof can be obtained by straightforward computations as in 
Parts I and II of monograph [3j, containing all developments from Refs. 
[30l EU [32] , see also summaries and some important details and discussions 
in Refs. [HE]. In this section, we generalize some formulas by considering 
"shell" labels for indices, when k = 0,1,2,... using data (|15p for a metric 

fc g = {g kp fc7 } CD- 

We can perform a N-adapted differential calculus on a N-anholonomic 
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k 

manifold if instead of partial derivatives d k a = d/du a there are considered 
operators ([10]) parametrized in the form e k-i a = d h-i a — N k \ d k a = 
d k -i a - w k „ la d k v -n fc _ lQ a ky , for y 4+2k = k v and y 5+2k = k y. For 
instance, for data (|15|) . the coefficients of N-connection curvature (|13j) are 

^ t~la k-lp = 9 k-i a W k -ip — d k-lpW k~i a 

-w k -i a d k v w k-ip + w k „ lj3 d k v w fc _i Q ; (B.l) 

^ k-la k-lp = 9 k-l a Tl k-lp — 9 k-lpll k-l a 

-w k-i a d k v n fe _ 1/3 + w k-ipd k v n k _ la . 

In a similar form we compute all coefficients of the canonical d-connection 
(fTT|) and its Ricci and Einstein tensors. 

Coefficients of the canonical d connection 

For data (fT5|) . we get such nontrivial coefficients of T ~2 a kp '■ 

f 2 _ d 292 -? 2 _ d 392 f 2 _ d 293 f 3 _ 9 3 g 2 . 

^22 — ) -^23 _ "7j ) ^33 — ' ^22 ~ ' \ D - Z ) 

2#2 2ff 2 %2 2# 3 

^ 23 = ' ^ 3 = 1^' = ^ ( d i h i ~ Wid v h 4 ) ; L 5 4j = ^d v nj, 
r 5 — 1 (pi h ,,, r h ^ • r 4 — ® vhi r< 4 - ^ vfl5 r 5 - ® vfl5 . 

5J " W 5 [dj 5 ~ Wjdv 5j ' ° 44 " W 55 " ~ W 45 " w 

^4+2fc = 9T @ k~i a h i+2 k - W k-l a d k v h 4+2 k) , ^4+2fc fe -! a = 

1 ^ 1 

-9 fc„n k-i a , L 5+2k fe „ lQ _ = — (d k-i a h 5+2 k - w k-i a d k v h 5+2 k) ] 

^4+2fc _ ® k v h A+2 k f,£ + 2k _ & k v h 5+2 k 

4+2fc4+2fc " 2^+2* '°5+2 fc 5 + 2 fe - , 

Pi5+2fc _ d k v h 5+ 2k 

U 4+2fe 5+2fc ~ ni, 

z/l5+2fc 

We note that 

& = V^ = o,...,a:: 1 1 - fc = V~ lafc ~ lr gg^z^i = o, (b.3) 

3 2 <9y c fi c 2 <9y 

which is an important condition for generating exact solutions of the Einstein 
equations for the Levi-Civita connection, see formulas (f30|) . 
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Calculation of torsion coefficients 

The nontrivial coefficients of torsions (|20|) for data (|15p are given by 
formulas (|B.1|) and, respectively, (|B,2|) resulting in 
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Calculation of the Ricci tensor 

For instance, let us compute the values Rij = R k ijk from ([26 



R 



hjk 



e k^.hj — e j^.hk ^.hj^mk ~ ^.hk^mj ~ < ~ / .ha 1 '.jfc> 



using dH]) and = jE3J. We have e fe L* hj . = + iV«9 a L 



A/ 



dkL l h - + Wk (j^.hj) = dkL l h j because do not depend on variable y 4 = i>. 

We use, in brief, denotations of type &2g = g' , d%g = g , d^g = g* . 
Deriving (fB~2|) . we obtain 
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For these values, there are only 2 nontrivial components, 
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as in (|32j) . 

Now, we consider 



dL 



bka 



bk 



dC 



bu 



dy a 
dy a 



dx k 



I fc Pd ^fd pic 

+ ^.dk^.ba ~ ^.bk^.da 



L^d PtC I I PlC rpd 
.ak^.bd I tOMifc 



fed- 1 .fca 



/-ic I /-yc a^d 



.fed .fca 



C Mk + 



from (jA.ip . Contracting indices, we get R bk = R a bka — -q^ 

C a bdT d ka- Let us denote C b = C c ba and writeC b | fe = e k C b - L d bk C d = d k C b - 
N^d e C b - L d bk C d = d k C b - w k Cl - L d bk C d . We express R bk = {1] R bk + 
[2}Rbk + [3]Rbk, where 



[l]Rbk 
[3}Rbk 



L 



hi, I , [2)Rbk 
Pi4 . 

bd ± .ka — °.fe4 J .fc4 



-d k C b + W k C b + L d bk C d , 



C^a i-nd 
hrl 1 



p<4 rp4 I Pl4 /Ji5 I Pi5 rpA , Ptb rri5 

^ hd 1 hA i <^.fe5 J .kA ' u .fe4 J .k5 ' u .fe5 J .k5 



for C* 4 — C| 4 + C*| 5 — oTT" + nth > ^5 — C*54 + ^5! 



y 45 2/i 4 
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We compute R ik = + [2]#4fc + [3] #4* with 

-dkCi + w k C\ + L 4 4k C4, 

A I Plb rp5 

' L/ .45 J .fc5- 



^Ak 



, [2]^4fc 



[3] R Ak 



(~lA rpA 

.44-^ .kA 



+ C.45^.fc4 



+ C.44^.fc5 



Summarizing, we get 



2h 5 R^k = Wk 



ht 



(Ml 

2/i fi 



h*h* 

2h d 



hi 



dkh-A dkh 5 



h,4 



h* 



dkK 



which is equivalent to ([31 

In a similar way, we compute R$k = [\]R§k + [2]^5fc + [3]-Rsfc, where 



[l]Rbk 
[3} R 5k 



-^5fc J > [2]^5fc = ~d k C5 + -WfcCg + L 5fc C4, 

?}4 /^4 . ^4 m5 , pi5 rpA I /-i5 rp5 
°.54- t .fc4 "I" ^^^.M "T" < ~ / . 54-^5 "+" .55 J .A;5- 



r 4 



+ L + C A 55 T 5 M + C 5 54 T 4 kl 



We have i?5fc = 

fe n fc + 4) + 4lfe n fc - m-J n i> which can be written 



h A ' L k 



-hi 



n ki 



i. e. we prove ([35 



For i? 1 



at 



Q x k -T^.lk^.ja 



jka dy k 

from (jA.ip , we obtain zeros because C 



'.jk^.la .ak .jc j ~ r ^.jb~ L .ka 

and L l - k do not depend on y k . 



+ C\ h T\ 



So, R 



■3 a 



jia 



0. 



Taking R a , 



bed 



9C a bc 



8C°L 



8y 



^ + C e bc C a ed - C e bd C a ec from flU]) and con- 



tracting the indices in order to obtain the Ricci coefficients, R, 



act 



be 



dtf 



ac d , 



+ ClA - C% d C d ec , we compute 



R 



be 



c 4 



be 



d c Cb + C\ c Ci — C 4 M C 4c 



✓~r4 ^5 7~iA 

u .b5°.4c ~~ u .b4 .5c 



&5^.5c- 



There are nontrivial values, -R44 



^.44 



C4 + C^iyC^ 



^.45 



and i? 55 = ( C 



.55 



C 4 55 (-C 4 + 2C 5 45 ) resulting in 

n2 



-R4 



^5 



1 



2/14/15 



2/15 



+ 



h*h* 
2/l 4 
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which is just ([33]) . 

Computations for higher shells, with k = 
Theorem 13.11 is proven. 



1, 2, ... are similar. 
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